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The localized magnon modes of isolated kpi skyrmions on a field-polarized background are analyzed
based on the Landau–Lifshitz–Gilbert equation within the terms of an atomistic classical spin model,
with system parameters based on the Pd/Fe biatomic layer on Ir(111). For increasing skyrmion
order k a higher number of excitation modes are found, including modes with nodes in the radial
eigenfunctions. It is shown that at low fields 2pi and 3pi skyrmions are destroyed via a burst instability
connected to a breathing mode, while 1pi skyrmions undergo an elliptic instability. At high fields all
kpi skyrmions collapse due to the instability of a breathing mode. The effective damping parameters
of the spin waves are calculated in the low Gilbert damping limit, and they are found to diverge
in the case of the lowest-lying modes at the burst and collapse instabilities, but not at the elliptic
instability. It is shown that the breathing modes of kpi skyrmions may become overdamped at higher
Gilbert damping values.
I. INTRODUCTION
Magnetic skyrmions are localized particle-like spin con-
figurations [1], which have become the focus of intense
research activities over the last years due to their promis-
ing applications in spintronic devices [2–5]. While their
particle-like properties make them suitable to be used
as bits of information, the collective excitations of the
spins constituting the magnetic skyrmion, known as spin
waves or magnons, open possible applications in the field
of magnonics [6].
These spin wave modes were first investigated theo-
retically [7–10] and experimentally [11–13] in skyrmion
lattice phases, where the interactions between the
skyrmions lead to the formation of magnon bands. If
a skyrmion is confined in a finite-sized nanoelement, it
will possess discrete excitation frequencies [14–17]. Al-
though such geometries have also been successfully ap-
plied to the time-resolved imaging of the dynamical mo-
tion of magnetic bubble domains [18, 19], in such a case
it is not possible to distinguish between the excitations
of the particle-like object itself and spin waves forming
at the edges of the sample [14]. In order to rule out
boundary effects, the excitations of isolated skyrmions
have to be investigated, as was performed theoretically
in Refs. [20–23]. It was suggested recently [24] that
the experimentally determined excitation frequencies in
the Ir/Fe/Co/Pt multilayer system may be identified as
spin wave modes of isolated skyrmions, rather than as
magnons stemming from an ordered skyrmion lattice.
In most investigations skyrmions correspond to sim-
ple domains with the magnetization in their core point-
ing opposite to the collinear background. However, it
was shown already in Ref. [25] that the Dzyaloshinsky–
Moriya interaction [26, 27] responsible for their stabiliza-
tion may also lead to the formation of structures where
the direction of the magnetization rotates multiple times
∗ rozsa.levente@physnet.uni-hamburg.de
between the center of the structure and the collinear re-
gion. Such target states or kpi skyrmions, where k is the
number of sign changes of the out-of-plane magnetization
when moving along the radial direction, have also been
investigated in constricted geometries [28–32]. The ex-
perimental observation of localized spin structures with
multiple rotations has been mainly restricted to systems
with negligible Dzyaloshinsky–Moriya interaction so far
[19, 33, 34], where the formation of domain structures is
attributed to the magnetostatic dipolar interaction.
The collapse of isolated kpi skyrmions and their cre-
ation in nanodots by switching the external field direction
was recently investigated in Ref. [35]. It was found that
during the creation process the skyrmions display signif-
icant size oscillations resembling breathing eigenmodes.
In Ref. [25], the stability of kpi skyrmions was studied
in a system with a ferromagnetic ground state, and it
was found that applying the external field opposite to
the background magnetization leads to a divergence of
the skyrmion radius at a critical field value, a so-called
burst instability. This instability can be attributed to a
sign change of one of the eigenvalues of the energy func-
tional expanded around the kpi skyrmion configuration,
intrinsically related to the dynamics of the system. How-
ever, the spin wave frequencies of isolated kpi skyrmions
remain unexplored.
Besides the excitation frequencies themselves, the life-
time of spin waves is also of crucial importance in
magnonics applications. This is primarily influenced by
the Gilbert damping parameter α [36], the value of which
can be determined experimentally based on resonance
lineshapes measured in the collinear state [11, 19, 24].
It was demonstrated recently [23] that the noncollinear
spin structure drastically influences the effective damp-
ing parameter acting on the spin waves, leading to mode-
dependent and enhanced values compared to the Gilbert
damping parameter. This effect was discussed through
the example of the 1pi skyrmion in Ref. [23], but it is also
expected to be observable for kpi skyrmions with higher
order k.
Here the localized spin wave frequencies of isolated kpi
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2skyrmions are investigated in a classical atomistic spin
model. The parameters in the Hamiltonian represent the
Pd/Fe/Ir(111) model-type system, where the properties
of skyrmions have been studied in detail both from the
experimental [37, 38] and from the theoretical [35, 39–
41] side. The paper is organized as follows. The classical
atomistic spin Hamiltonian and the method of calculat-
ing the eigenmodes is introduced in Sec. II A, while the
angular momentum and nodal quantum numbers charac-
terizing the excitations are defined in Sec. II B within the
framework of the corresponding micromagnetic model.
Eigenfrequencies equal to or approaching zero are dis-
cussed in Sec. II C, and the effective damping param-
eters are introduced in Sec. IID. The eigenmodes of kpi
skyrmions with k = 1, 2, 3 are compared in Sec. IIIA, the
instabilities occurring at low and high field values are dis-
cussed in connection to magnons with vanishing frequen-
cies in Sec. III B, and the effective damping parameters
of the different modes are calculated for vanishing and
higher values of the Gilbert damping in Secs. III C and
IIID, respectively. A summary is given in Sec. IV.
II. METHODS
A. Atomistic model
The system is described by the classical atomistic
model Hamiltonian
H = −1
2
∑
〈i,j〉
JSiSj − 1
2
∑
〈i,j〉
Dij (Si × Sj)
−
∑
i
K (Szi )
2 −
∑
i
µsBSi, (1)
with the Si unit vectors representing the spins in
a single-layer triangular lattice; J , Dij , and K de-
noting nearest-neighbor Heisenberg and Dzyaloshinsky–
Moriya exchange interactions and on-site magnetocrys-
talline anisotropy, respectively; while µs and B stand
for the spin magnetic moment and the external mag-
netic field. The numerical values of the parameters are
taken from Ref. [35], being J = 5.72meV, D = |Dij | =
1.52meV,K = 0.4meV, and µs = 3µB, describing the
Pd/Fe/Ir(111) system. The energy parameters were de-
termined based on measuring the field-dependence of 1pi
skyrmion profiles in the system by spin-polarized scan-
ning tunneling microscopy in Ref. [38].
During the calculations the external field B is ori-
ented along the out-of-plane z direction. The equilib-
rium kpi skyrmion structures are determined from a rea-
sonable initial configuration by iteratively rotating the
spins Si towards the direction of the effective magnetic
field Beffi = −
1
µs
∂H
∂Si
. The iteration is performed un-
til the torque acting on the spins, T i = −Si × Beffi ,
becomes smaller at every lattice site than a predefined
value, generally chosen to be 10−8 meV/µB. The calcula-
tions are performed on a lattice with periodic boundary
conditions, with system sizes up to 256 × 256 for the
largest kpi skyrmions in order to avoid edge effects and
enable the accurate modeling of isolated skyrmions.
Once the equilibrium configuration S(0)i is determined,
the spins are rotated to a local coordinate system S˜i =
RiSi using the rotational matrices Ri. In the local coor-
dinate system the equilibrium spin directions are pointing
along the local z axis, S˜
(0)
i = (0, 0, 1). The Hamiltonian
in Eq. (1) is expanded up to second-order terms in the
small variables S˜xi , S˜
y
i as (cf. Ref. [23])
H ≈ H0 + 1
2
(
S˜
⊥)T
HSWS˜
⊥
= H0 +
1
2
[
S˜
x
S˜
y ] [ A1 A2
A†2 A3
] [
S˜
x
S˜
y
]
. (2)
The matrix products are understood to run over lattice
site indices i, with the matrix components reading
A1,ij = −J˜xxij + δij
(∑
k
J˜zzik − 2K˜xxi + 2K˜zzi + µsB˜zi
)
, (3)
A2,ij = −J˜xyij − δij2K˜xyi , (4)
A3,ij = −J˜yyij + δij
(∑
k
J˜zzik − 2K˜yyi + 2K˜zzi + µsB˜zi
)
. (5)
The energy terms in the Hamiltonian are ro-
tated to the local coordinate system via J˜ ij =
Ri [JI −Dij×]RTj , K˜i = RiKRTj , and B˜i = RiB,
where I is the 3 × 3 identity matrix, Dij× is the ma-
trix describing the vector product with Dij , and K is
the anisotropy matrix with the only nonzero element be-
ing Kzz = K.
The spin wave frequencies are obtained from the lin-
earized Landau–Lifshitz–Gilbert equation [36, 42]
∂tS˜
⊥
=
γ′
µs
(−iσy − α)HSWS˜⊥ = DSWS˜⊥, (6)
with σy =
[
0 −iIs
iIs 0
]
the Pauli matrix in Cartesian
components and acting as the identity matrix Is in the
lattice site summations. The symbol γ′ denotes the gyro-
magnetic ratio γ = ge2m divided by a factor of 1+α
2, with
g the electron g factor, e the elementary charge, m the
electron’s mass, and α the Gilbert damping parameter.
Equation (6) is rewritten as an eigenvalue equation by
assuming the time dependence S˜
⊥
(t) = e−iωqtS˜
⊥
q and
performing the replacement ∂t → −iωq.
Since the kpi skyrmions represent local energy minima,
HSW in Eq. (2) is a positive semidefinite matrix. For
α = 0 the ωq frequencies ofDSW are real and they always
occur in ±ωq pairs on the subspace whereHSW is strictly
positive, for details see, e.g., Ref. [23]. In the following,
we will only treat the solutions with Reωq > 0, but their
3Re ωq < 0 pairs are also necessary for constructing real-
valued eigenvectors of Eq. (6). The zero eigenvalues are
discussed in Sec. II C.
As is known from previous calculations for 1pi
skyrmions [21–23], the localized excitation modes of kpi
skyrmions are found below the ferromagnetic resonance
frequency ωFMR = γµs (2K + µsB). During the numerical
solution of Eq. (6) these lowest-lying eigenmodes of the
sparse matrix DSW are determined, as implemented in
the montecrystal atomistic spin simulation program
[43].
B. Micromagnetic model
The atomistic model described in the previous Sec-
tion enables the treatment of noncollinear spin structures
where the direction of the spins significantly differs be-
tween neighboring lattice sites. This is especially impor-
tant when discussing the collapse of kpi skyrmions on the
lattice as was performed in Ref. [35]. Here we will dis-
cuss the micromagnetic model which on the one hand is
applicable only if the characteristic length scale of non-
collinear structures is significantly larger than the lattice
constant, but on the other hand enables a simple classi-
fication of the spin wave modes.
The free energy functional of the micromagnetic model
is defined as
H =
∫
A
∑
α=x,y,z
(∇Sα)2 +K (Sz)2 −MBSz
+D (Sz∂xSx − Sx∂xSz + Sz∂ySy − Sy∂ySz) dr,
(7)
where for the Pd/Fe/Ir(111) system the following pa-
rameter values were used: A = 2.0 pJ/m is the ex-
change stiffness, D = −3.9mJ/m2 is the Dzyaloshinsky–
Moriya interaction describing right-handed rotation [39],
K = −2.5MJ/m3 is the easy-axis anisotropy, and M =
1.1MA/m is the saturation magnetization.
The equilibrium spin structure S(0) =
(sin Θ0 cos Φ0, sin Θ0 sin Φ0, cos Θ0) of kpi skyrmions will
be cylindrically symmetric, given by Φ0 (r, ϕ) = ϕ + pi
due to the right-handed rotational sense and
Θ0 (r, ϕ) = Θ0 (r), which is the solution of the
Euler–Lagrange equation
A
(
∂2rΘ0 +
1
r
∂rΘ0 − 1
r2
sin Θ0 cos Θ0
)
+ |D| 1
r
sin2 Θ0
+K sin Θ0 cos Θ0 − 1
2
MB sin Θ0 = 0. (8)
The skyrmion order k is encapsulated in the bound-
ary conditions Θ0 (0) = kpi,Θ0 (∞) = 0. Equation (8) is
solved numerically in a finite interval r ∈ [0, R] signifi-
cantly larger than the equilibrium kpi skyrmion size. A
first approximation to the spin structure is constructed
based on the corresponding initial value problem using
the shooting method [25], then iteratively optimizing the
structure using a finite-difference discretization.
The spin wave Hamiltonian may be determined anal-
ogously to Eq. (2), by using the local coordinate system
Θ = Θ0+S˜
x,Φ = Φ0+
1
sin Θ0
S˜y. The matrices in Eqs. (3)-
(5) are replaced by the operators
A1 = −2A
(
∇2 − 1
r2
cos 2Θ0
)
− 2 |D| 1
r
sin 2Θ0
−2K cos 2Θ0 +MB cos Θ0, (9)
A2 = 4A 1
r2
cos Θ0∂ϕ − 2 |D| 1
r
sin Θ0∂ϕ, (10)
A3 = −2A
{
∇2 +
[
(∂rΘ0)
2 − 1
r2
cos2 Θ0
]}
−2 |D|
(
∂rΘ0 +
1
r
sin Θ0 cos Θ0
)
−2K cos2 Θ0 +MB cos Θ0. (11)
Due to the cylindrical symmetry of the structure, the
solutions of Eq. (6) are sought in the form S˜
⊥
(r, ϕ, t) =
e−iωn,mteimϕS˜
⊥
n,m (r), performing the replacements ∂t →
−iωn,m and ∂ϕ → im. For each angular momentum
quantum number m, an infinite number of solutions in-
dexed by n may be found, but only a few of these are
located below ωFMR = γM (−2K +MB), hence repre-
senting localized spin wave modes of the kpi skyrmions.
The different n quantum numbers typically denote solu-
tions with different numbers of nodes, analogously to the
quantum-mechanical eigenstates of a particle in a box.
Because of the property HSW (m) = H∗SW (−m) and
HSW being self-adjoint, the eigenvalues of HSW (m)
andHSW (−m) coincide, leading to a double degeneracy
apart from the m = 0 modes. The ±ωq eigenvalue pairs
of DSW discussed in Sec. II A for the atomistic model at
α = 0 in this case can be written as ωn,m = −ωn,−m.
However, considering only the modes with Re ωn,m > 0,
one has ωn,m 6= ωn,−m indicating nonreciprocity or an
energy difference between clockwise (m < 0) and coun-
terclockwise (m > 0) rotating modes [17, 23].
For finding the eigenvectors and eigenvalues of the
micromagnetic model, Eq. (6) is solved using a finite-
difference method on the r ∈ [0, R] interval. For treat-
ing the Laplacian ∇2 in Eqs. (9) and (11) the improved
discretization scheme suggested in Ref. [44] was applied,
which enables a more accurate treatment of modes with
eigenvalues converging to zero in the infinite and contin-
uous micromagnetic limit.
The spin wave modes of the atomistic model discussed
in Sec. IIA were assigned the (n,m) quantum numbers,
which are strictly speaking only applicable in the mi-
cromagnetic limit with perfect cylindrical symmetry, by
visualizing the real-space structure of the numerically ob-
tained eigenvectors.
4C. Goldstone modes and instabilities
Since the translation of the kpi skyrmions on the
collinear background in the plane costs no energy, the
spin wave Hamiltonian HSW possesses two eigenvectors
belonging to zero eigenvalue, representing the Goldstone
modes of the system. Within the micromagnetic descrip-
tion of Sec. II B, these may be expressed analytically as
[21–23] (
S˜x, S˜y
)
= e−iϕ
(
−∂rΘ0, i1
r
sin Θ0
)
, (12)(
S˜x, S˜y
)
= eiϕ
(
−∂rΘ0,−i1
r
sin Θ0
)
. (13)
Equations (12) and (13) represent eigenvectors of the
dynamical matrix DSW as well. From Eqs. (2) and (6) it
follows that the eigenvectors of HSW and DSW belong-
ing to zero eigenvalue must coincide, HSWS˜
⊥
= 0 ⇔
DSWS˜
⊥
= 0, because (−iσy − α) in Eq. (6) is an in-
vertible matrix. Because from the solutions of the equa-
tion of motion (6) we will only keep the ones satisfying
Re ωn,m > 0, the eigenvectors from Eqs. (12) and (13)
will be denoted as the single spin wave mode ω0,−1 = 0.
Since the eigenvectors and eigenvalues are determined
numerically in a finite system by using a discretization
procedure, the Goldstone modes will possess a small fi-
nite frequency. However, these will not be presented
in Sec. IIIA together with the other frequencies since
they represent a numerical artifact. For the 1pi and
3pi skyrmions the ω0,1 eigenmode has a positive fre-
quency and an eigenvector clearly distinguishable from
that of the ω0,−1 translational mode. However, for the
2pi skyrmion both the ω0,−1 and the ω0,1 eigenfrequen-
cies of DSW are very close to zero, and the correspond-
ing eigenvectors converge to Eqs. (12) and (13) as the
discretization is refined and the system size is increased.
This can occur because DSW is not self-adjoint and its
eigenvectors are generally not orthogonal. In contrast,
the eigenvectors of HSW remain orthogonal, with only a
single pair of them taking the form of Eqs. (12) and (13).
In contrast to the Goldstone modes with always zero
energy, the sign change of another eigenvalue of HSW
indicates that the isolated kpi skyrmion is transformed
from a stable local energy minimum into an unstable
saddle point, leading to its disappearance from the sys-
tem. Such instabilities were determined by calculating
the lowest-lying eigenvalues of HSW in Eq. (2). Due
to the connection between the HSW and DSW matrices
expressed in Eq. (6), at least one of the precession fre-
quencies ωq will also approach zero at such an instability
point.
D. Effective damping parameters
For finite values of the Gilbert damping α, the spin
waves in the system will decay over time as the system
relaxes to the equilibrium state during the time evolu-
tion described by the Landau–Lifshitz–Gilbert equation.
The speed of the relaxation can be characterized by the
effective damping parameter, which for a given mode q
is defined as
αq,eff =
∣∣∣∣ Im ωqRe ωq
∣∣∣∣ . (14)
As discussed in detail in Ref. [23], αq,eff is mode-
dependent and can be significantly higher than the
Gilbert damping parameter α due to the elliptic polar-
ization of spin waves, which can primarily be attributed
to the noncollinear spin structure of the kpi skyrmions.
For α 1, αq,eff may be expressed as
αq,eff
α
=
∑
i
∣∣∣S˜(0),xq,i ∣∣∣2 + ∣∣∣S˜(0),yq,i ∣∣∣2∑
i
2 Im
[(
S˜
(0),x
q,i
)∗
S˜
(0),y
q,i
] , (15)
where the eigenvectors in Eq. (15) are calculated at α = 0
from Eq. (6). Equation (15) may also be expressed by
the axes of the polarization ellipse of the spins in mode
q, see Ref. [23] for details.
For higher values of α, the complex frequencies ωq have
to be determined from Eq. (6), while the effective damp-
ing parameters can be calculated from Eq. (14). Also for
finite values of α for each frequency with Reωq > 0 there
exists a pair with Re ωq′ < 0 such that ωq′ = −ω∗q [23].
The spin waves will be circularly polarized if A1 = A3
and A†2 = −A2 in Eq. (2), in which case the dependence
of ωq on α may simply be expressed by the undamped
frequency ω(0)q as
Re ωq (α) =
1
1 + α2
ω(0)q , (16)
|Im ωq (α)| = α
1 + α2
ω(0)q . (17)
These relations are known for uniaxial ferromagnets;
see, e.g., Ref. [45]. In the elliptically polarized modes of
noncollinear structures, such as kpi skyrmions, a devia-
tion from Eqs. (16)-(17) is expected.
III. RESULTS
A. Eigenmodes
The frequencies of the localized spin wave modes of the
1pi, 2pi, and 3pi skyrmion, calculated from the atomistic
model for α = 0 as described in Sec. II A, are shown in
Fig. 1. For the 1pi skyrmion six localized modes can be
observed below the FMR frequency of the field-polarized
background in Fig. 1(a), four of which are clockwise ro-
tating modes (m < 0), one is a gyration mode rotating
counterclockwise (m = 1), while the final one is a breath-
ing mode (m = 0). The excitation frequencies show good
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FIG. 1. Frequencies of localized spin wave modes at α = 0 for
(a) the 1pi, (b) the 2pi, and (c) the 3pi skyrmion. Selected spin
wave modes are visualized in contour plots of the out-of-plane
spin component and denoted by open symbols connected by
lines in the figure, the remaining modes are denoted by con-
nected dots.
quantitative agreement with the ones calculated from the
micromagnetic model for the same system in Ref. [23].
Compared to Ref. [21], the additional appearance of the
eigenmodes with m = 1,−4,−5 can be attributed to the
finite value of the anisotropy parameter K in the present
case. Increasing the anisotropy value makes it possible
to stabilize the skyrmions at lower field values, down to
zero field at the critical value in the micromagnetic model
|Kc| = pi
2D2
16A , where the transition from the spin spiral
to the ferromagnetic ground state occurs at zero exter-
nal field [46]. Since the excitation frequencies decrease
at lower field values as shown in Fig. 1(a), this favors
the appearance of further modes. Simultaneously, the
FMR frequency increases with K, meaning that modes
with higher frequencies become observable for larger uni-
axial anisotropy. For each angular momentum quantum
number m, only a single mode (n = 0) appears.
In the case of the 2pi skyrmion an increased number of
eigenmodes may be seen in Fig. 1(b). This can mainly be
attributed to the appearance of spin waves with higher
angular momentum quantum numbers both for clockwise
(up to m = −17) and counterclockwise (up to m = 12)
rotational directions. Furthermore, in this case modes
with n = 1 node in the eigenfunction can be observed
as well. The same trend continues in the case of 3pi
skyrmions in Fig. 1(c), the large number of internal eigen-
modes can be attributed to angular momentum quantum
numbers ranging from m = −22 to m = 16, as well as to
spin wave eigenvectors with up to n = 2 nodes. The dif-
ferent rotational directions and numbers of nodes are il-
lustrated in Supplemental Videos 1-4 [47] via the square-
shaped modes (n = 0, 1, m = ±4) of the 3pi skyrmion at
B = 0.825T.
The increase of possible angular momentum quantum
numbers for higher skyrmion order k as well as for de-
creasing magnetic field B may be qualitatively explained
by an increase in the skyrmion size. Modes with a given
value of m indicate a total of |m| modulation periods
along the perimeter of the skyrmion; for larger skyrmion
sizes this corresponds to a modulation on a longer length
scale, which has a smaller cost in exchange energy.
The breathing modes of the 3pi skyrmion with dif-
ferent numbers of nodes are visualized in Fig. 2 at
B = 1T. The results shown in Fig. 2 are obtained
from the micromagnetic model in Sec. II B, which is in
good quantitative agreement with the atomistic calcu-
lations at the given field. All the eigenmodes display
three peaks of various heights, while they decay expo-
nentially outside the 3pi skyrmion. As can be seen in
Fig. 2, the peaks are localized roughly around the re-
gions where the spins are lying in-plane, indicated by
the domain walls (DW) between pairs of dashed lines.
The widths of the domain walls were determined by ap-
proximating the 3pi skyrmion profile with linear func-
tions close to the inflection points rj ,Θ0,j , j = 1, 2, 3
where the spins are lying in-plane, and calculating where
these linear functions intersect integer multiples of pi in
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FIG. 2. Comparison between the 3pi skyrmion profile (left
vertical axis) and the eigenvectors of the breathing modes
(m = 0) with different numbers of nodes n = 0, 1, 2 (right
vertical axis). The calculations were performed using the mi-
cromagnetic model described in Sec. II B at B = 1T, the
lattice constant is a = 0.271 nm. Double arrows between ver-
tical dashed lines indicate the extensions of the domain walls
in the structure.
Θ0. Thus, the domain walls are located between the in-
ner Rin,j = rj +[∂rΘ0 (rj)]
−1
[(4− j)pi −Θ0,j ] and outer
Rout,j = rj + [∂rΘ0 (rj)]
−1
[(3− j)pi −Θ0,j ] radii. Such
a description was used to calculate the skyrmion radius
in, e.g., Ref. [46], and it was also applied for calculating
the widths of planar domain walls [48].
The nodes of the eigenmodes are located roughly be-
tween these domain walls, meaning that typically excita-
tion modes with n = 0, . . . , k− 1 nodes may be observed
in kpi skyrmions, in agreement with the results in Fig. 1.
A higher number of nodes would require splitting a single
peak into multiple peaks, the energy cost of which gen-
erally exceeds the FMR frequency, thereby making these
modes unobservable. The sign changes in the S˜xn,m eigen-
vectors mean that the different modes can be imagined
as the domain walls breathing in the same phase or in
opposite phase, as can be seen in Supplemental Videos
5-7 [47]. Note that eigenmodes with higher n quantum
numbers may also be observed for skyrmions confined in
nanodots [14–16] where the peaks of the eigenmodes may
also be localized at the edge of the sample, in contrast
to the present case where isolated kpi skyrmions are dis-
cussed on an infinite collinear background.
It is also worth noting that the lowest-lying nonzero gy-
ration mode is n = 0,m = 1 for the 1pi and 3pi skyrmions,
while it is n = 1,m = 1 for the 2pi skyrmion, see Fig. 1.
As already mentioned in Sec. II C, numerical calculations
for the 2pi skyrmion indicate both in the atomistic and
the micromagnetic case that by increasing the system size
or refining the discretization the eigenvectors of both the
n = 0,m = −1 and the n = 0,m = 1 modes of DSW
in Eq. (6) converge to the same eigenvectors in Eqs. (12)
and (13) and 0 eigenvalue, which correspond to the trans-
lational Goldstone mode in the infinite system. This dif-
ference can probably be attributed to the deviation in
the value of the topological charge, being finite for 1pi
and 3pi skyrmions but zero for the 2pi skyrmion [35].
B. Instabilities
Skyrmions with different order k deviate in their low-
field behavior. Since the considered Pd/Fe/Ir(111) sys-
tem has a spin spiral ground state [38], decreasing the
magnetic field value will make the formation of domain
walls energetically preferable in the system. In the case of
the 1pi skyrmion this means that the lowest-lying eigen-
mode of HSW in Eq. (2), which is an elliptic mode with
m = ±2, changes sign from positive to negative, occur-
ring between B = 0.650T and B = 0.625T in the present
system. This is indicated in Fig. 1(a) by the fact that the
frequency of the n = 0,m = −2 eigenmode of DSW in
Eq. (6) converges to zero. This leads to an elongation of
the skyrmion into a spin spiral segment which gradually
fills the ferromagnetic background, a so-called strip-out
or elliptic instability already discussed in previous publi-
cations [21, 46]. In contrast, for the 2pi and 3pi skyrmions
the lowest-lying eigenmode of HSW is a breathing mode
with m = 0, which tends to zero between B = 0.800T
and B = 0.775T for both skyrmions. This is indicated by
the lowest-lying n = 0,m = 0 mode of DSW in Fig. 1(b)
for the 2pi skyrmion, which is the second lowest after the
n = 0,m = 1 mode for the 3pi skyrmion in Fig. 1(c). This
means that the radius of the outer two rings of 2pi and
3pi skyrmions diverges at a finite field value, leading to a
burst instability. Such a type of instability was already
shown to occur in Ref. [25] in the case of a ferromagnetic
ground state at negative field values, in which case it also
affects 1pi skyrmions.
At the burst instability, modes with n = 0 and all
angular momentum quantum numbers m appear to ap-
proach zero because of the drastic increase in skyrmion
radius decreasing the frequency of these modes as dis-
cussed in Sec. III A. A similar effect was observed for the
1pi skyrmion in Ref. [22] when the critical value of the
Dzyaloshinsky–Moriya interaction, |Dc| = 4pi
√A |K|, was
approached at zero external field from the direction of
the ferromagnetic ground state. In contrast, the ellip-
tic instability only seems to affect the n = 0,m = −2
mode, while other m values and the nonreciprocity are
apparently weakly influenced.
In the atomistic model, skyrmions collapse when their
characteristic size becomes comparable to the lattice
constant. For the 1pi, 2pi, and 3pi skyrmions the col-
lapse of the innermost ring occurs at Bc,1pi ≈ 4.495T,
Bc,2pi ≈ 1.175T, and Bc,3pi ≈ 1.155T, respectively [35].
As can be seen in Figs. 1(b), 1(c), and 3, this instabil-
ity is again signaled by the n = 0,m = 0 eigenfrequency
going to zero, but in contrast to the burst instability,
the other excitation frequencies keep increasing with the
field in this regime. Figure 3 demonstrates that close to
the collapse field the excitation frequency may be well
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FIG. 3. Frequency of the breathing mode n = 0,m = 0 of
the 1pi skyrmion close to the collapse field. Calculation data
are shown by open symbols, red line denotes the power-law
fit f0,0 = Af (Bc,1pi −B)βf .
approximated by the power law f0,0 = Af (Bc,1pi −B)βf ,
with Af = 175.6 GHzTβf , Bc,1pi = 4.4957T, and βf = 0.23.
C. Effective damping parameters in the limit of
low α
The effective damping parameters αn,m,eff were first
calculated from the eigenvectors obtained at α = 0 fol-
lowing Eq. (15). The results for the 1pi, 2pi, and 3pi
skyrmions are summarized in Fig. 4. As discussed in
Ref. [23], the αn,m,eff values are always larger than the
Gilbert damping α, and they tend to decrease with in-
creasing angular momentum quantum number |m| and
magnetic field B. The spin wave possessing the high-
est effective damping is the n = 0,m = 0 breathing
mode both for the 1pi and 2pi skyrmion, but it is the
n = 0,m = 1 gyration mode for the 3pi skyrmion for a
large part of the external field range where the struc-
ture is stable. Excitation pairs with quantum num-
bers n,±m tend to decay with similar αn,m,eff values to
each other, with αn,|m|,eff < αn,−|m|,eff, where clockwise
modes (m < 0) have lower frequencies and higher effec-
tive damping due to the nonreciprocity.
The effective damping parameters drastically increase
and for the lowest-lying modes apparently diverge close
to the burst instability, while no such sign of nonan-
alytical behavior can be observed in the case of the
1pi skyrmion with the elliptic instability. For the same
n,m mode, the effective damping parameter tends to in-
crease with skyrmion order k away from the critical field
regimes; for example, for the n = 0,m = 0 mode at
B = 1.00T one finds α0,0,eff,1pi = 2.04, α0,0,eff,2pi = 5.87,
and α0,0,eff,3pi = 10.09.
Close to the collapse field, the effective damping pa-
rameter of the n = 0,m = 0 breathing mode tends to
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FIG. 4. Effective damping parameters calculated according to
Eq. (15) for the eigenmodes of the (a) 1pi, (b) 2pi, and (c) 3pi
skyrmions, plotted on a logarithmic scale. The corresponding
excitation frequencies are shown in Fig. 1.
diverge as shown in Figs. 4(b), 4(c), and 5 for the 2pi,
3pi, and 1pi skyrmions, respectively. Similarly to the
eigenfrequency converging to zero in Fig. 3, the criti-
cal behavior of the effective damping may be approxi-
mated by a power-law fit α0,0,eff = Aα (Bc,1pi −B)−βα
as shown in Fig. 5, this time with a negative exponent
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FIG. 5. Effective damping parameter α0,0,eff of the breathing
mode n = 0,m = 0 of the 1pi skyrmion close to the collapse
field. The corresponding excitation frequencies are shown in
Fig. 3. Calculation data are shown by open symbols, red line
denotes the power-law fit α0,0,eff = Aα (Bc,1pi −B)−βα .
due to the divergence. The fitting yields the parameters
Aα = 0.96Tβα , Bc,1pi = 4.4957T, and βα = 0.23. Natu-
rally, the critical field values agree between the two fits,
but interestingly one also finds βf = βα up to two digits
precision. Rearranging Eq. (14) yields
α0,0,eff
α
Re ω0,0 =
1
α
|Im ω0,0| , (18)
where the left-hand side is proportional to
(Bc,1pi −B)βf−βα which is approximately constant
due to the exponents canceling. This indicates that
while Re ω0,0 diverges close to the collapse field,
|Im ω0,0| /α remains almost constant at low α values.
D. Damping for higher α values
Due to the divergences of the effective damping param-
eters found at the burst instability and collapse fields, it
is worthwhile to investigate the consequences of using a
finite α value in Eq. (6), in contrast to relying on Eq. (15)
which is determined from the eigenvectors at α = 0. The
α dependence of the real and imaginary parts of the ω0,0
breathing mode frequency of the 1pi skyrmion is displayed
in Fig. 6, at a field value of B = 1T far from the el-
liptic and collapse instabilities. As shown in Fig. 6(a),
unlike circularly polarized modes described by Eq. (16)
where Re ωq decreases smoothly and equals half of the
undamped value at α = 1, the Reω0,0 value for the ellip-
tically polarized eigenmode displays a much faster decay
and reaches exactly zero at around α ≈ 0.58. According
to Eq. (14), this indicates that the corresponding effective
damping parameter α0,0,eff diverges at this point.
Since the real part of the frequency disappears, the
ωq′ = −ω∗q relation connecting Re ωq > 0 and Re ωq′ < 0
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FIG. 6. (a) Frequency f0,0 = Re ω0,0/2pi and (b) inverse
lifetime |Im ω0,0| of the n = 0,m = 0 breathing mode of
the 1pi skyrmion at B = 1T as a function of the Gilbert
damping parameter α. The solutions of Eq. (6) for the ellip-
tically polarized eigenmode of the 1pi skyrmion are compared
to Eqs. (16)-(17) which are only valid for circularly polarized
modes.
solutions of Eq. (6) discussed in Sec. IID no longer holds,
and two different purely imaginary eigenfrequencies are
found in this regime as shown in Fig. 6(b). This is analo-
gous to overdamping in a classical linear harmonic oscil-
lator, meaning that the purely precessional first-order dif-
ferential equation describing circularly polarized modes
is transformed into two coupled first-order differential
equations [23] with an effective mass term for the breath-
ing mode of kpi skyrmions. This implies that when per-
forming spin dynamics simulations based on the Landau–
Lifshitz–Gilbert equation, the value of the Gilbert damp-
ing parameter has to be chosen carefully if the fastest
relaxation to the equilibrium spin structure is required.
The high effective damping of the breathing mode in the
α  1 limit (cf. Fig. 4(a)) ensures that the inverse
lifetime of the elliptically polarized excitations remains
larger for a wide range of α values in Fig. 6(b) than what
would be expected for circularly polarized modes based
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FIG. 7. (a) Frequency f0,0 = Re ω0,0/2pi and (b) inverse
lifetime |Im ω0,0| of the n = 0,m = 0 breathing mode of the
2pi skyrmion at α = 0.1 as a function of the external magnetic
field B. The solutions of Eq. (6) for the elliptically polarized
eigenmode of the 2pi skyrmion are compared to Eqs. (16)-(17)
which are only valid for circularly polarized modes.
on Eq. (17). Note that contrary to Sec. III B, Reω0,0 be-
coming zero in Fig. 6(a) does not indicate an instability of
the system, since stability is determined by the eigenval-
ues of the matrixHSW in Eq. (2) which are independent
of α.
Since the disappearance of Reω0,0 and the bifurcation
of Im ω0,0 occurs as the excitation frequency becomes
smaller, it is expected that such an effect may also be ob-
served at a fixed α value as the external field is decreased.
This is illustrated for the n = 0,m = 0 breathing mode
of the 2pi skyrmion in Fig. 7 at α = 0.1. For this interme-
diate value of the damping, the breathing mode becomes
overdamped around B = 0.875T, which is significantly
higher than the burst instability between B = 0.775T
and B = 0.800T (cf. Fig. 1(b) and the circularly polar-
ized approximation in Fig. 7(a)). This means that the
lowest-lying breathing mode of the 2pi skyrmion cannot
be excited below this external field value. In Fig. 7(b) it
can be observed that contrary to the circularly polarized
approximation Eq. (17) following the field dependence of
the frequency, for the actual elliptically polarized eigen-
mode |Im ω0,0| is almost constant for all field values above
the bifurcation point. Although a similar observation was
made at the end of Sec. III C as the system approached
the collapse field at α = 0, it is to be emphasized again
that no instability occurs where Re ω0,0 disappears in
Fig. 7(a).
IV. CONCLUSION
In summary, the localized spin wave modes of kpi
skyrmions were investigated in an atomistic spin model,
with parameters based on the Pd/Fe/Ir(111) system. It
was found that the number of observable modes increases
with skyrmion order k, firstly because of excitations with
higher angular momentum quantum numbers m forming
along the larger perimeter of the skyrmion, secondly be-
cause of nodes appearing between the multiple domain
walls. It was found that the 2pi and 3pi skyrmions un-
dergo a burst instability at low fields, in contrast to the
elliptic instability of the 1pi skyrmion. At high field val-
ues the innermost ring of the structure collapses in all
cases, connected to an instability of a breathing mode.
The effective damping parameters of the excitation
modes were determined, and it was found that for the
same n,m mode they tend to increase with skyrmion
order k. The effective damping parameter of the n =
0,m = 0 breathing mode diverges at the burst and
collapse instabilities, but no such effect was observed
in case of the elliptic instability. For higher values of
the Gilbert damping parameter α a deviation from the
behavior of circularly polarized modes has been found,
with the breathing modes becoming overdamped. It was
demonstrated that such an overdamping may be observ-
able in 2pi and 3pi skyrmions for intermediate values of
the damping significantly above the burst instability field
where the structures themselves disappear from the sys-
tem.
The results presented here may motivate further ex-
perimental and theoretical studies on kpi skyrmions, of-
fering a wider selection of localized excitations compared
to the 1pi skyrmion, thereby opening further possibilities
in magnonics applications.
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